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Introduction

A typical equation in physics has the following form:
X"=F(X,X"1).

Here X is, for example, the coordinate vector 7 of particle motion or the spin
vector S of a charge particle, etc.
It is clear that one can write the solution of this equation as

X0 = MXO

where indices (i) and (f) correspond to the initial and final states of the physical
system and M is some OPERATOR.

Using the Lie operator approach one can find this operator with de-
sired order of nonlinearity. But it is a long way. It is necessary to know the
following types of operators and their properties:

e operators that are united into linear algebra;

e commutators of these operators (Lie operators);
e exponential operators;

e commutators of the exponential operators;

e adjoint operators;

e exponential adjoint operators (Lie transformations).

Later it will be found that

operator M is the exponential adjoint operator.

N

=
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When is the Lie operator approach preferable?

The Lie operator approach is very useful if one would like:

e to solve analytically your problem with desired order
of nonlinearity;

e to preserve the symplecticity of your solution of non-
linear equations;

e to avoid the nonphysical errors at the numeric calcu-
lations;

e to spend your time and brain to study this field of
mathematics and application of this brilliant technique
to different problems in physics.
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Lie algebra of the operators
Let us consider the set of operators A, B, C, ..., which are elements
of the structure with the following properties:

L1 e commutativity and associativity of sum operation:
A+ B =B+ A, A+ (B+C)=(A+B)+C;
e the zero operator O exists:

A+0=0+A=A;

the inverse operator —A exists:
A+ (-A)=(-A)+A=0.

L2

The multiplication operation ® with linearity and as-
sociativity is defined:

(A+B)aC = AC+BoC,

A®(B+C) = A0B+AGC,
a(AeB) = (@¢Ad)oB=A06 (ab),

AG (BoC) = (A0B)®C  as well as

L3 e the property of antisymmetry:
AOB=-B®A and

Jacobi condition:

(AGB)OC+(BOC)0A+(COA)GB=0.

The set with properties £1,£2 forms linear algebra and with

properties £1-£3 — Lie algebra. \‘/
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Lie operators

Let us define the second operation of the multiplication “[,|” for any operators

A, B:
A, B] = AB — BA .

Let us refer to this multiplication as Lie multiplication or commutator of
the operators.
It is very simple to verify the following properties of Lie multiplication:

e antisymmetry: A, B = —[B, Al
e linearity: (A, (BB +~C)] = BlA, B] +7[A,C];
e product rule: [A, (BC)] = [A, B]C + B[A,C].

In fact, using the property of associativity, one has that

[A, (BC)] = A(BC)— (BC)A
= (AB)C — (BA)C + B(AC) — B(CA)
(AB — BA)C + B(AC — CA) = [A, B]C + BJA,C] .

Operators with these properties are referred to as Lie operators.
Notice: Two operations of multiplication are introduced, but it is not always

necessary. For operators, only a commutator as main multiplication operation
can be introduced. If this operation satisfies conditions £3, then the set of

these Lie operators forms the Lie algebra.

2
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Leibnitz rule
A very important property of operators from the Lie algebra is
Leibnitz rule:

A"(BC) = 3° CF (A*B) (A" FC) .

k=0

Here C* is a binomial coefficient defined by

!
Ok — n-
" kl(n—k)!
with the following property:
| nl
Ck'—l Ck' n. :
T T T D) —k+ 0! K= k)
nlk+n—k+1) (n+1)!

pu— pu— : :Ok
kl(n+1—k)! kl(n4+1—Fk) "

Let us prove this rule using the induction method, but the lazy

reader can omit it.
For n = 0 in both parts of the equality one has the identity operator. Further:

AMTHBC) = A CF (AFB) (A"FC)
k=0
= > CR(AIB) (A"FC) + ) CF (AB) (AHHC)
k=0 k=0
n—1
= ) Cx(AB) (A™ kc)+ Cy (A™'B) (A°C) + Cp (A°B) (A™F1C)
k=0 —

n+1 0
- Cn+1 Cn+1

k—>k’:k+1

Cp (A*B) (A" 1) = Oy (A°B) (A™'C) + ch L (AYB) (arre)

v

+
M=

1

&l
Il

k—k!

+ Iﬁ:lCﬁl (A’“'B) (An+1—k’c) Crtl (AMHB) (A°C)

= Oy (A°B) (A™F1C) + > (CE1 + CF) (A*B) (A™F17RC) + Ot} (A™'B) (A°C)

k=1

k
Cn+1




Introduction to Lie Operators for Accelerator Physics 6

ADVANCED
PHOTOMN
SOURCE

Exponential operators

Let us introduce the exponential operator as the following series:
1, 1
= A+ A A= :
1! 2! — n!

One can simply verify that for this type of operator all properties £1 and £2
are satisfied. It means that a set of these operators is a linear algebra.

Notice: Here the implicit assumption is made that exponential operators form the
closed group for multiplication ®, that is, the multiplication of two exponential
operators is an exponential as well. It is a very serious assumption that can be
proved by the Baker—Campbell-Hausdorff theorem (see later).

The properties of the exponential operators

1°. Ordinary multiplication of two operators:

= (50 (50

=0

1 1 1
_ 0 1 2 3
= (A0 A A )
1 1 1
<B°+—Bl+—82+—83+--->

= Z+ A1+ Bl+ A2+—A181+ B2

1!1!
3 2l 1422 3
+ —A+WAB +ﬁAB+ Ly
0o i Azk Bk
- ZZ I
k!
zOkO
o i Alk Bk

So, Z Z . v(l)

Y




Introduction to Lie Operators for Accelerator Physics 7

ADVANCED
PHOTOMN
SOURCE

2°. Is it true that

In other words: is it true that exponential operators commute? This can
be checked using the power series expansion:

€€—€€A

7+ ( Al + Bl> (%A2 L opy BQ>

11!
21! 112!

+ (%A L ey Lapy B3> ]
[ 11!

) a2
1

’ <§A+WAZBI+WAIB2+ 7)+ ]

= S(AB - BA) + (B + AB — BA+ BA’) +
_ ...:[A,B]+%[(A+B),[A,BH+

Thus, if A and B do not commute, then the exponentials do not com-
mute as well.

3°. Is it true that
€A+B _ €A€B ?

Let us check this expression using again the power series expansion:
A+B _ A B 1 1 2
"R —efe” = I+F(A+B)+—'(A+B) + -
~re(fayle +( A2+—A181+ 82
1! 1! 1'1'

1

So, if operators A and B commute, then the standard rule of the mul-

tiplication of their exponentials is valid. v
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4°. Let us prove that linear algebra of the exponential operators has an
associativity property:

(6'466) €C == €A (6866) .

In fact, one can obtain taking into account the expression (1) that

(e4e5) ¢ (ii AZk'iT><ig>:...

zOkO oy
zOkOnO n)!n!'

Let us change indices of summation: ¢ < i, k' < i —n, n’ + i — k and take into
account that then k —n = k' —n’ and n = ¢/ — k’. For this reason, for fixed i' =i
and k in the region [0 = 4] and n in the region [0 =+ k|, the indices k" and n' will
change in the regions [0 + i] and [0 + '], respectively. Therefore

() = Sy A LG

1=0 k=0 n= 0 n)' n!
i’ n Bk’fn Ci’fk’
ZMZ Z W) (i — &)
o~ k Bk n.ocn Al B.C
- (2 0(20;0 i) =)

5°. For associative operators one can introduce their commutator:

[€A7€B] — oAeB _ BeA

with the obvious antisymmetry property. Moreover, the Jacobi condition
(see above) is valid:

o [o €[] -+ [e®, [ o€ o] + [, [ ]

ed(eBef —efef) — (Pe
——

N
1 2 3
el et 4 eB( et — Al ) — (efet — e )b + e (e — Bet)
Ny N~ N~ ——— N~ S —
4 3 5 6 2 6 4
(6B —eBet)ef=0 .
T/ T/

So, commutators of the exponential operators satisfy the properties £3. It means
that the set of commutators of the exponential operators form the Lie

algebra, that is, they are Lie operators for operations @ and |, ]. v

2
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Derivatives

Let us consider the operators and their exponentials as a function.
6°. It is convenient to start from the simple relation:

%ea(t)./\ — a/(t)Aeoz(t)A — ea(t).AO/(t)A ‘

In fact, one can find that

d d &1 > 1
_ a(t)A _ _ _ n n __ — ! n—1 n
o€ == nz::O - " (t)A]" = nz::O o (t)a"(t)A
= d(t)A Z %a”_l(t)fl”_l = (n —k=n— 1)
= t)A Z (1) AF = o (1) Ae®D4 = DA/ (1) A

7°. When the operators are functions of parameter ¢ explicitly, i.e., A = A(t),

then the Leibnitz rule is valid:
A" ZAk t) A" = k() for n>1.

Let us use the induction method to prove this formula:

LA = jt (AW A"(1) = A(A™(D) + Alf) Z A (1)
= AN ZA’“ (B4
A0(t) _

= A" A () A1) + Z A¥ (t)A'(t)A"—k’ (t) = kznj AR A (1) A" (1)

k'=1

8°. Now one is ready to find the rule to differentiate exponentials. He should

not be afraid of the following two expressions:

1
d QAW ( / 7AW A ()T AD dr) 10
dt 0

= A0 ([0 g e ar )
=

(2)
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The lazy reader can skip this proof again.
In fact, one can find (the argument ¢ is omitted for simplicity) that

d d S = 1d 21 = S
EG'A:%(Zﬁ-z:lmA):z:lmd— Z:—'kz .AI.A 1=k

n=1
_ 1 0 47 40 1 0 41 41 1 1 41 40

~

~~ ~~

n=1; k=0 n=2; k=0,1
1 .
+ AOAIA2 + AlAIAl + AQAIAO L= (regrquplng all terms)
3! of this series
n=3; ‘2_0,1,2
1 1 1 1 1
= FAOA’AO + EAOA’A1 + 5,40,4542 et gAlA’AO + 5,41,4’,41 +
n:l;v k=0 n:2;v k=0 n:3;v k=0 n:2;v k=1 n:3;v k=1
1 1 1 1
+ gAzA’A°+---+--- =AA (FA0+§A1 +§A2+--->
n=3; k=3

+ AlA’<%AO+%A1+"'>+A2Al<l'A0+"‘>+"'

oo , 00 1 . Ioo 1 . L
:szkAXk:EAkl _ZAkAZ +k+1)A+k+1k1
=0 n=k+1
n—n'=n—(k+1)
' an kln! Ak AR
- ZZ n+k:+1 it A4 ZZ (n+k+1)! AT

kOnO kOnO

Now let us use the relation between the Beta—function B(k,n) and Gamma—function I'(n) and
its definition as the first type Euler integral:
kln! _T(k+1)(n+1)
n+k+1)! T+k+2)

1
=Bk+1,n+1)= / ™1 - 7)"dr |
0

and then one can find the required result:

th = ZZ / (1 - r)"dr

k=0 n=0
1 X _k gk o _\n gn 1
= / ZTA A 27(1 A dr = /eTAA’e*TAdT el
0 k' n' 0
R k=0 . N 0 ,
oA e(1-m)A

The proof of the second expression for the exponential derivative follows from the symmetry
property of the Beta—function: B(k,n) = B(n, k) and is very simple.

=
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Adjoint operators

Another important tool that is useful in Lie operator technique is an object [A, o]
referred to as an adjoint operator. Its defined as

[A, 0B [4,B].

It means that the adjoint to B operator that is generated by A is simply
their commutator [A, B].
For this reason adjoint operators satisfy all relations for commutators:

e antisymmetry: (A, o]B=—[B,o]A;
e linearity: [A,o](bB + ¢C) = b[A, o|B + c[A,0|C ;
e product rule: [A,0](BC) = ([A,o|B)C + B([A, <|C) ;

e rule of Poisson brackets:
[A,o][B,C] = [[A,o]B,C] + [B,[A,°]C] .

Now one can define similarly the exponential adjoint operator el

def. o= 1
MY A

as

The power of the adjoint operator in this definition means the power of the
normal operator. The properties of exponential adjoint operators result from
the properties of normal exponentials:

e for each operator A the inverse operator B exists:
B-eAl=elAl.gp=1

and in this case .
B — (6[-/4’0])7 — 67["470]

)

e linearity: eAol(BB +~C) = BelAIB + velAele

e product rule: elA(BC) = (eMA1B) (elArle) | v
ﬂ\

e rule of Poisson brackets: el4°l[B,(C] = [el*]B, elA°IC] .
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Lie operators in mechanics (basic idea)

Physicists and astronomers have been using this approach for more than a cen-
tury. The main idea is as follows. Let’s say one has a problem of the particle
nonlinear motion, i.e., he tries to solve the following equation

mi" = f(7,7) .

If the Hamiltonian formalism is used, it means that the Hamiltonian in-
cludes the terms of the third and higher orders:

H=h XX, + M XX+
Vector X; = (q1,92y---,Gn;D1,P2,---,Pn), as is known, combines phase space

variables. In the Hamiltonian approach the equations of particle motion have a
very simple form:

X! = [HX)] . (3)

Here, the brackets mean the Poisson brackets and the following definition
is used:

_0fdg Of 9y

[f,olg=1f. 9] = 9000 Opa;

(4)

The operator in the left part of this expression is known as an adjoint operator.
Taking into account this definition one can rewrite equation (3) in the following
form:

le = [lH,O} Xi )

where brackets mean the commutator and at the same time adjoint op-
erator. For this reason it is very “simple” to write the solution of this equation
in terms of the initial vector X ®:

t
! !
- VU MY )0

It is possible to simplify this expression if the Hamiltonian does not depend on

time explicitly:
XU — o tH(X), o] x6) \‘0@
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Nevertheless, the simplicity of this expression is deceitful because it includes the
exponential operator:

o7 (X)), 0] o] o] -+ (6)

This expression is a definition of the Lie transformation and is known as
an exponential adjoint operator.

Example (standard oscillator)

Let us consider a very simple Hamiltonian for one-dimensional particle motion
(X = (z,p)):
k .
H = 5(1[72 +p2) .

Then the series (6) can be calculated explicitly:

H,2]’ = 1,

Hoal? = —k[H,p]Z—k<aa—7;g—§_aa_7:g_§> .
Mol = K [H,2] =k (%%—%—j%)zk?’p,
Hoal' = K H,p =K (2_?%‘%%) .

Since [H,2]”" = (—1)"k?"z and [H,z]”""" = (=1)"*1k2"*1p | one can obtain

o) )2n+1 _—
Dk +20: on 1)1 P

e tlx] _ D

(_ )n+1k2n+1

TP g \‘/
= xcoskt + psinkt .
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Similarly, one can find that

e*t [Hv p]

= —xsinkt + pcoskt .

So, in this case the expression (5) takes the well-known matrix form:

v (f) _ v (i) B cos kt sin kt
Xi? = Mu X", where M_<—sinkt cos kt

Let us note a very interesting and important result:

If the Hamiltonian includes second powers of the phase vari-
ables, then action of any power of operator [, x] on some power
of these variables will include the same power of the phase vari-
ables.

It is easy to see that this is true due to the property of the Poisson brackets to
keep the powers of phase variables when the Hamiltonian includes their second

powers only (see also later).
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Lie operator properties (continued)

9°. One can find a very important similarity property of the exponential oper-
ators:

eABe A = A0S

To prove this expression, let us introduce an operator F(t) = e4Be ™ of
parameter t. For this operator F(0) = B. The derivative of operator F(t) with
respect to the independent parameter ¢ gives:

F(t) = AeBe ™ — B Ae™™ = Ae™Be ™ — A Be A A
e tAA

= [A eBe | = [A, F(t)] = [A, o] F(t).

So, the operator F(t) satisfies the differential equation F'(t) = [A, o|F(t) with
the initial condition F(0) = B. Further, let us consider the operator G(t) =

4218 with the same initial condition: G(0) = B. The derivative of this operator
with respect to parameter t equals G'(t) = [A, o]e!™°IB = [A, 0]G(t). Since this
operator satisfies the same equation with the same initial condition, the operators
F(t) and G(t) equal each other for any ¢. Then for ¢ = 1 one can find the required
expression:

e Be A = elA°IB

10°. The property of the similarity allows us to find two other expressions
for derivatives of the exponentials using the exponential adjoint operators.
In fact,

d Al — e 1 LAl
i T A AT =e

The proof is a very easy one. For the first expression one has, using formula
(2), that

1 1
%e“‘“t) = / eTA(t)A'(t)e_TA(t) dr | eA® = ( / e’ d7'> A
N~ o 0

~~

er[A(t),o]A/(t)
[A(t),°]

(&

1
_ TLA(1) 0] > 1Al —
e dr ) A'(t)e™ =
(j xeiar) Aot = 4 \‘/
For the second expression one can obtain the proof in a similar way. ﬁ\
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11°. Let us find the logarithmic derivatives of the multiplication of two

exponential operators: F(t) = ¢™¢™®. These derivatives have two forms. For the

first of them one can obtain that
F(t) = (etAetB)' — AtAetB 4 otAREB
——
F(t)
= AF(t) + e Be M AP = (A + e[A(t)"’}B) F(t)
elA®)0lg (b
— F(t)FHt) = A+ BB

For the second form one has the similar result:

Ft) = AelAetB 4 tABB — otA (6t86—t8) AelB 4 oA (etBe—tB) Be'B
S—— S———
I I
=l AGtB o TB flB | JtAB —tB 3 1B
—_—
F(t)  e-[Bolg F(t)
:.f@(aW@A+B(63£)>:J%ﬂsz%4+B)
——
I

—  FUO)F(t)=ePlA+B.

12°. Finally, let us discuss the composition property of the functions of the
operators. This is a very important property and is as follows:

el f(B) = f(eHIB) .

Naturally the functions that can be represented as a power series over their
argument are used:

ﬂm:i%m.
k=0

Then using the product rule for exponential adjoint operators, one has the desired
result:

e[A’O}f(B) = el Z apBF = Z apelAeIBE = Z a, (e[A’O]B) = f(e[A’O}B) :
k=0 k=0
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Baker—Campbell-Hausdorff theorem

This is the most important property of the exponential operators. So, for any
operators A and B the following expressions are valid:

€A+B _ €A€BeCz€C3€C4 = G'AGB (ﬁ €Ck>
k=2
and
k=2 i
€A+B — ... e—C4€+C3€—C2€A€B — (H 6(_1) Ck> €A€B 7
where
1
C; = —5lA.B], ‘
1 1
C3 = 6["47 [-’47 B]] + 5[87 [-’47 B]] )
>
1 1
C4 - _ﬂ[Aa [Aa [-’47 B]]] - g[Ba [("4 + B)a [Aa B]” )
J

The inverse theorem gives the following expression:

€A€B — €A+B+D2+D3+... — exp (A + B + Z Dk> ’
k=2

where

1
D2 - §[A> B] )

1
D3y = E[(A - B)a [‘Aa B” )

1
Dy = 5 [B 1A A B

,
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The advantage of this theorem is due to several circumstances. The most impor-
tant of them are as follows:

e Only different commutators of operators A and B are included
into each C, and D,. Moreover, the powers of these commutators equal
k exactly.

e The theorem shows how it is necessary to truncate the exponen-
tial operator of the sum of two operators when the presentation of
this exponential operator is used in the form of the multiplication of the
exponential operators.

It is possible to represent the result of the Baker—Campbell-Hausdorff theorem
in other form using adjoint operators:

e?eB = CAB) where C(A,B) = i Ck(A, B)
k=0
and
Co = A;
¢ = A BB L AB s A
6 = e i), S0 dr =~ B IAB] 4,
T _ o TlA0]

where &i(1) = C, and Sy(7) = e "HICy

[A, o]

One can see that in each C; only the power k of the operator B is involved

through different commutators between operators A and B.
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Let us restrict by proof of the direct statement of the Baker—-Campbell-Hausdorff theorem

only. The lazy reader knows what he can do.
Let us consider two operators F(t) and G(t):

o0
F(t) = e B tAHATE)  and gt) = et’C2pt’CagtCa . H exp (tka)

Let us fit operators Cy so that F = G. Then for t = 1, one can find the desired expression. Let us compare
the logarithmic derivatives for both operators for arbitrary ¢. So,

g' =2t (Czet2€26t3c3et4c‘* - ) + 3t? (et2CZC3etSC3et4C4 . ) + 4¢3 (et2€26t363C4et4C4 - ) + -

k=2
But G l=--. et Cagt7Cag—t7C2 H exp (—tka), then (for simplicity the terms with orders less than

o0

4 are kept)
G'g~' = [2t (Czet2czetsc3et4c“ .- ) + 3t2 (et2c2C3et3C3et4C4 - )
L4 (et2C26t363C4et4C4 B ) 4. ] ) ( B eft4C4eft3C3eft2C2)
2tC2 + 3t26t2CQCge—t2C2 + 4t3et2C2 et3C3C4e—t3C3e—t2C2
2tCy + 3t%e t2[52’°]c + 4t3 #*[Ca.0] ot CB’°1C4 +-
C C k 2 3nc n
= 2tCQ+3t2Z 2’ C+4t3z 2’] Z [Ca.0" e 1 ..

n!
n=0
= 2tC2+3t2(Z+t2[C2,0]+---)C3+4t3(I+t2[C2,0]+---)(I+t3[C3,0]+---)C4+---
= 2tCy + 3t°C3 + 48°Cy + - - -.

For another side
F = _Be—tse—tAet(A-i-B) _ e—tBAe—tAet(/H-B) + e—tBe—tA(A+ B)et(A+B)
and F1 = ¢ t(A+B) ot ActB  Thep

FE-L (_BeftBeftAet(AJrB) _ e tB o tAHATB) 4 eftBeftA(A_‘_ B)et(A+B)) o t(A+B) tA B

_ _B_e—tBAetB_+_e—tBe—tA(A_+_B)et.AetB ~_B— BO]A+€ t[B,o] —tAo](A+B)
2 3
= B—(z—tw,ow%[&of—%[B,o]3+---)A
t2 2t 3 t2 ), P 3
+ I_t[870]+5[850] _E[Bao] +o I—t[A,O]—F?[A,O] _E['Avo] +e ('A+B)

=
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= B A B A~ B 18 AL+ 118,18, 40 -

+ (B4 GlBoP =GB )

(A+B—t[A, (A +B)] + g[A, [A, (A+B)]] - %
2 3

= B A8 A - BB A+ BB 5, Al - -

[A, [A A, (A+ B + - )

Boof? = S5+ )

t2

+ (I—t[B,o]+ 5

(45 - a8+ SLA LB - SLata A +)

= —B-A+t[B A - g[ls’, (B, Al + g[B,[B,[B,A]]] -

+ A+B—t[A,B]+§[A,[A,B]]—§
— B, Al + #*[B,[A,B]] - g[[)’, (A [A, B +--

+ BB, A= S5, 1B LAB + o — S5, 15,5, A + -

["4’ ["4’ ["4’ B]]] +o

= —i[A,B]+ %[A, [A, B]] - %
1B, [A, LA, B]]l - 1B, [5, [A4,B]]].

[A LA [A, BII| + (B, [A, B]]

Comparison of terms with the same powers of ¢ on the right sides of expressions for G'G ! and
F'F~1 gives the desired expressions:

¢ = —5lAB).
1 1
€3 = 6[-’47 [A7 B]] + g[Bv ["4’ B]] )
Ci = —i[«‘l, [A,[A, B]]] - %[B, [(A+B),[A,B]Il,
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Lie operators in accelerator physics (basic idea)

To explain how Lie operators are used in practice let us repeat the previous
expression (7):

. . k
X = MX®D it H = 5(332 +p) = hy = hz('gz)Xin .

Here the second-order polynomial hy and its coefficients hg) were introduced to

describe the Hamiltonian H as the mathematical function, and the coordinate
vector X includes only two phase variables: X = (x,p). In the language of Lie
operators this expression has the following form:

) = oMol ) — p~tlhe, 0] x () = px® .y o-t[Hi0] — ag

It is necessary to note that it is a non-trivial result. In particular, it is true
since one can find from Lie operator theory that the exponential Lie operator
guarantees the symplecticity of the transformation from the initial vector
X to the final vector X ).

Let us try to take into account the nonlinearity of motion. It means
that the Hamiltonian should include the polynomial of the third order at mini-
mum. Therefore it is necessary to calculate a more complicated exponential
operator:

¢~t([ha, o] + [hs; 0])

and the definition of the polynomial h3 is analogous to the polynomial h,. What

else is necessary now?




Introduction to Lie Operators for Accelerator Physics 22

ADVANCED
PHOTOMN
SOURCE

It is necessary:

e to use the Baker-Campbell-Hausdorff theorem to present this expression

_t[h% O], e_t[h37 O]

as a product of exponential operators e and their com-

mutators, at minimum e_tc2, where C, = 1[[hs, 0], [h3,0]]. Recall that the

—t[hg, o]

operator e is a simple matrix M;

e the operator e*t[h?” °] must be expanded into the power series, and only a
few its first terms must be kept:

t2
e_t[h'?no] — I — t[hg, o] + 5[h3, o]2 _|_ e

How many terms it is necessary to keep? Only two if one would like to
restrict oneself to terms with powers of the phase variables less than four;
e make the same with the exponential e_tc2;
e to merge all products of “simple” operators into the corresponding unified
operator.

At last one is ready to evaluate the nonlinear motion using the Lie operator
technique. But this is a scheme only, and it is necessary to pass a long way to
realize this scheme!

So, the Lie operator technique is a method that allows us to take
into account higher orders of the Hamiltonian terms and calculate the
series (6).

Symplectic transformations

Let us discuss now in more detail the property of symplecticity. The relation
between initial and final variables of a dynamical system has the following form
of the power series:

X =K+ Rz'jXJ('i) + 'Eij](i)Z;gi) + uijle](i)X].Ei)Xl(i) +-e-

This expression describes the transformation of the initial variables into final
form and will be called transition transformation or mapping. This trans-
formation is characterized by the Jacobian matrix M,;, which is defined by

the equation v
ﬂ\
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ox\)
- @ -
0X

M, (X @)

It is clear that in the general case the Jacobian depends on the particle trajectory.
That is expressed by the designation M;;(X®).
Let us introduce a special “unit” matrix J of the following type:

01 1 00

j=<_10>, where I=| 0 1 0
001

For the Hamiltonian equations of motion the Jacobian has the following

property:

M(X)IM(X) =T . 8)

Here M denotes the transpose of M. Equation (8) is the condition of the
symplecticity for the matrix M. It is necessary to emphasize some items. Firstly,
this matrix depends on the vector X , but for the symplectic transformation
the product M J M does not depend on that. For this reason the relations

between coefficients R, T, U, ... must exist for these transformations. Secondly,
equation (8) is nonlinear, since the relations between R, 7, U, ... are nonlinear
as well.

Let us enumerate some properties of the symplectic maps:

e for any symplectic matrix M the inverse matrix M~ exists and M~ =
- IMJ =79 'MJ. This inverse matrix is symplectic as well, and
one can find that MJ M = T ;

e the product of the symplectic matrices is the symplectic matrix;
e the determinant of the symplectic matrix M equals +1 ;

e the symplectic matrix has no zero eigenvalues. Moreover, if X is
an eigenvalue of the symplectic matrix, then \~! is its eigenvalue as well.
It means that the characteristic polynomial P(\) of the symplectic n ® n
matrix M, which equals det (M — AI), has a property P(\) = A>*P(1/)).

N
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Poisson brackets and Lie operators

It is very simple to verify that functions of phase variables in physics are
united into the linear algebra. For these functions the Poisson brack-
ets (4) were defined; this means that one can consider them as the ad-
joint operator [f,o]. As is known from analytical mechanics, Poisson brack-
ets have the properties of antisymmetry, linearity, and satisfy a product
rule [f,gh] = [f,g]h + [f,h]g and Jacobi condition [f,[g,h]] + [g, [k, f]] +
[h,[f,g]] = 0. These properties mean that Poisson brackets is a Lie oper-
ator for the functions of phase variables. More narrowly, let us use further the
Lie operators that are only defined by the Hamiltonian of our physical system,
i.e., f =H. It may be useful to be reminded of their main properties:

e linearity: [H,ol](ag + bh) = a[H,olg + b[H, o] ;
e differentiation rule: [H,o](fg) = ([H,o]|f)g + ([H,°]g)f

e and its generalization for the power n (Leibnitz rule): [H, o]"(fg) =
S Cr([H, o f) (1M, 0" ) ;
k=0

e “Jacobi identity”: [H,o][f,g] = [[H,o]f,g] + [f, [H,°]g] ;

e the commutator of two Lie operators [Hi,o| and [H,, 0], is a Lie
operator as well:

[[H1, 0], [Ha,0]] = [H, 0] where H = [Hi, Hol
and [,] means standard Poisson brackets for functions H; and H,.

To prove this property let us use the Jacobi identity for Poisson brackets for
functions H; and H, and for the arbitrary function f:

(M, 0l [Ha, oll) f = [Ha, o][Ha, o] f — [Ha, o][Hy, o] f
= [Ha, [Ha, f1] = [Ha, [Ha, £
= [Ha, [Ha, f]] + [Ha, [f, Ha]]

1. e Aol = [, Hal, ] \‘/
= (M1, M), ) f EE\\\
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Lie transformations

This paragraph actually is a brief summary of previous material.
A Lie transformation is the exponential adjoint Lie operator (see Eq. (6)):

[H,0] def- — [H,o]" —
e T; —n! = MH .

Naturally [H,0]° = Z is an identity operator and the Lie operator power [H, o]" is repetition
of the n times calculations of the Poisson brackets, for example [H,0]?> = [H,[H,0]], etc.
Therefore, one can write the Lie transformation My, in the following form:

Lo, (3,00 + %[’H, [H, [H,oll] - -

My :I+[7‘l,0]+2'

Main properties of Lie transformations are as follows:

e reversibility, i.e., existence of the inverse transformation M;{l and for this transfor-

mation
My - /\/17_{1 = /\/lq_{l My =7 and M;{l =e Mo,
e linearity: My (af +bg) = aMy f+bMyg ;
e product rule: May(f-g) = M f) - (Mzg);

e rule of “Poisson brackets”: My[f,g] = [Mnf, Mug];

e rule of the composition of the function of phase variables f()?)

My f(X) = f(MyX) ;

e rule of the composition of the operator function F(Mg):

My f(Mg) = fF(MyMg) ;

e rules of the similarity for Lie transformation My, function of the phase variables
f(X) and its Lie operator [f, o]:

My fMy' = Muf,
MH[fa O]/M;Ll [/MHfa O] :

2
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In fact, for arbitrary function g, taking into account the rule of the product one can find that

(Mo (fM51)) g = Mo (f-My/lg)
= (Muf) (MuM5z g) = (Maf)g .
————

A

Taking into account the rule of Poisson brackets, one can similarly obtain:

(Mulf,0olMy' ) g = My ([f,0] (M3'g))
= My [f, M5 g] = [Maf, MyM;/ g]
va

= [Muf,g9l=([Mwnf,o])g;

e rules of differentiation when # is an explicit function of parameter ¢:

AMu(t) A el
dt dt
1
= ( / eT[H(t)7°][7-l'(t),0]eT[H(t)7°]d7) Moy (t)
0

It is possible to present this expression in two other forms:

dMu(t) _ [Mu)-T,,
Sa - [T o]

It is necessary to recall a previous remark regarding Lie transformations and symplectic ma-
trices: it is possible to verify that

e any symplectic matrix near identity is presented in the form of the corre-
sponding Lie transformation.

2




Introduction to Lie Operators for Accelerator Physics 27

ADVANCED
PHOTOMN
SOURCE

Factored products

Let us represent the Hamiltonian of the particle motion as a sum of the polyno-

mials hs, hs, ... of the phase variables X; with the different powers:
H o= XX, + B XXX+ B XXX X = (9)
i “r1<r) ijk<} i jAk ijkl<Y i g Ak -
= h2+h3+h4+ .

The solution of the equations of motion is simply Lie transformation
of the initial vector X to final vector X):

X = o~ tH 0l x @) = o=t(ha + hs + ha+--+), 0] x00) (10)

To calculate this series in practice one can use the following factored product
expansion theorem:

elh2 +hs +hy+ -, 0] _ [g2,9] [gs,0],[94,0] .. : (11)

where all polynomials g, can be found recursively:

g2 = h2a
T — e lh2]
= ————h
g3 [h2, O] 35
1 1 [erlhzel - T
T /0 677[’”’0] <h4 — 5 [7[h o] h3,h3]> dr , etc.
2

Let us assume that

etlhethathat--o] _ J[f2(2),0] [ f3(t),0] S[fa(t)0] . .,

)

then the logarithm derivative with respect to ¢ for the left part of this expression gives directly
[h2 + h3 + hy + - -+, 0]. But for right part one can find that

[f2:0] _ T [faso]l _ T

€ ! [f2,0] [e / :| —[fz2,0]
—————fi,0| +e —————fi,ole
o ] Forel 7

i1 = 2
L elfolglisee] { fi,O] e~Usel 12l 4 T elfee [Mﬁ,o] I e+
k=2 k

[fis o] el
N
=

e[f470] — I
[f470]
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The i—th term of this series can be transformed using the rule of similarity of the Lie trans-
formations:

i—1
He[fw][ elfire] — } H oLl _ Hem,o] { i 1,o1€[f“_]— ] H o~lfic)
k=2 [f“ k=i—1 [f” k=i—2
i—3 [fis0] _ [firo] _

T ool [ im0 =T } o] el € =T

= e e e , e e ,
1| g tee] I = [ ot

Since one can receive the following relation:

[f2:0] _ T i
[ho + hs + h +'--,o]:[e f,}
2 3 4 [f2 2 z;

i—1
(He[f’“o]) elfiel - leao
i el

Since Lie operators are equal if and only if the functions that created them are equal as well,
then

[f200] _ T [fz.0] _ T [far0] _

e e e

hodhadtha 4 o= — Tl plfrolZ T T opr | lf2olglfso] 2T T &
° ° ‘ [f2>°] f2 [f3,0] f3

Let us compare the homogeneous terms on each side of this expression. All terms besides the
first have a power larger than 2. Gathering the terms with power of 2, one can obtain the
following equation:

f4 - (12)

47]

e[f27°]__'z:
hy = ——Zf).
2 [fQ,O] f2

Integration over ¢ gives

t B _ elf2ol _ 1 df=(t)
/oh”t‘th?‘/o oy /o 4= ht),

and for t = 1 one can find the first expression from the theorem: go = fo(t = 1) = ho.
Let us omit the terms of order 2 in (12) and then multiply the result by e~ t#2°] from left side.
Then

elfsel — 7
[f?no]

ha,

e[f470] _I e[ ]
7']"‘1 + e[f37°]e[f470]
[f470]

The Lie transformation e!”>° doesn’t change the power of the homogeneity of the each poly-
nomial h;. For this reason each term el"2:°1h; on the left side of the expression has the power i.
To collect the terms with the same power of homogeneity on the right side, let us expand the
Lie transformation elf#:°! to series and take into account that

e“—l_i u"
u (n+1)!°

n=0

~Hh20l(hg + hy 4 --0) = f3 + elfore] f5

f57 ]

=
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Then one can find the following system of equations:

e~th2elpg = fy,

ey = fi 4 Sfs 1)

e sy = fh+ [fs, fi]+ S, s, S

ey = fi ot [fa J3)+ glfa S+ 5o, s, S+ gl Uss U, 111, et

It is possible to integrate these equations one after the other because each fj, is expressed only
through f; with 7 < k. In fact, the first equation gives

t _ p—t[h2,0] — e [h2,0]
T—e I—e
£ = rlheolpdr =2~ h. = f3(t=1) = ———=—hs.
f3(t) /0 e sdT o] 93 = f3( ) o]
Similarly one can find that
Cihao 1 Ciheo 1 [T —etlhzel tThaso
fi = e i, ]h4 - §[f37f3l*] = ¢ ]h4 3 {th,e k2, ]h3:| = e e ]h4
L[ tpnaeg € =T iy —t[ha,0] L iy [T - T
- = ———h 2% hg| = +olhy — = 2 hs, h
B [6 [z, o] 3,€ 3 € 4 26 2, 0] 3,113
1 [etlh2ol T
= e thael (py — 2 | Z———Zhg,h .
€ < 4 2 |: [hQ,O] 35163

Then

1 1 eT[h27O] -7
= =1)= —7[ha;0] — | — .
g4 = fut=1) /0 € <h4 5 { . o] hs, h3}> dr, etc
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Truncation problem

How one can truncate the infinite product in (11)7 To explain the answer to
this question let us introduce a special characteristic — rank of polynomial
function g;:

de

r(ge) k.

It is clear that the rank of the Poisson brackets for the two polynomials f,, and
gn equals

r([fmsgn]) =m+n—2.

1°. If Hamiltonian H(X) includes only second powers of phase variables, that
is H(x) = hg, then for any polynomial g, one can find that

T([H, gn]) = T([h2agn]) =n= T(gn) :

For this reason the rank of the expression [hy, o] X equals 1 and hence
r(ehflx) =1 — eMelx o X

This means that the exponential operator M, = ¢/*2° is simply a matrix

R. This result was obtained earlier when the example with standard oscillator

was considered.

2°. It is very simple to verify that r(g3) = 3. Therefore r ([hy, h3]) = 3 and for
any polynomial f, the following expression is valid:

(g3, fu]) =34+n—-2=n+1>n=r(f,).

In other words, each power of operator [g3, o] increases the rank of the
result by one unit!

3°. Let us choose, for example, the power n = 3 of phase variables that we
would like take into account in our final results. One can find for operator Mj
that

MsX = e 930y = x 95 A] + g3, XI* _ g3, XT° 4
1! 2! 3!
The ranks of each term of this series equal 1, 2, 3, ... correspondingly, and hence

one needs to keep in his calculations only the three first terms of w!

=
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4°. The next exponential in (11) is My = e~19°] I its expansion to series
the rank of each term will equal 1, 3, 4, ... correspondingly. For this reason
one can omit all terms of the series besides the first and second! Finally for
other exponentials from (11) it is necessary to keep only the first term of their
expansions, that is, one can replace each of these exponential operators just by
a unit operator: M, =7 for n > 4.
With the accuracy of the third power of phase variables one can find that

M = e[h2+h3+h4+---,o]:M2M3M4...
~ R<I+ 0] [93’0]2> <Z+ [94’°]> .

1! 2! 1!

So, the factored product expansion theorem allows one to calculate the

operator M = e_[H’ °] with the desired accuracy of the powers phase
vector X if one will correspondingly truncate all exponential operators in the
expression of the theorem.

The discussion of the influence of the truncation of this series on the symplecticity
of the operator M will be continued later.

Equation for operator M

It is possible to obtain the operator M using another approach. This is a good
demonstration of the calculation technique with the operators.
In fact, the solution of the motion equations has the following form:

XU = mx®

It is clear that the vector X is constant, but X ) and operator M are functions
of time t. Hence one can rewrite the last equation:

Suppose ¢ is the arbitrary function of phase variables X. Then, taking into
account the rule of the composition of these functions one can find that

9(X) = g(MXY) = Mg(X1) .

=




Introduction to Lie Operators for Accelerator Physics 32

ADVANCED
PHOTOMN
SOURCE

Let us differentiate this expression with respect to ¢t and take into account the
equations of motion. Then the derivative ¢(X) will be expressed through the
Poisson brackets and the other side will equal Mg(X®):

Mg(XD) = §(X) = —[H(X),g(X)]
= [HMX©), gMX )] =~ [MA(XO) Mg(x0)]

Now let us take into account the rule of the Poisson brackets for Lie transforma-
tion and then

Mg(XD) = — [MH(XD), Mg(XD)]
= —M[HUXD),g(XO)] = —M [H(XD),0] g(x).
Since the function ¢ is arbitrary, the operator M obeys the equation
M= -M[H(XD) o] . (13)
Earlier the evident solution of this equation was written as

XD = o~ t[H(X), 0]y (14)

Notice. This result takes place if one assumes that the Hamiltonian # does not
depend on time ¢ implicitly. The situation is more complicated in the opposite
case. Here, the nonlazy reader finds the consideration of this.

Let us divide the time interval 0,¢ into N equal subintervals of duration At. Introduce inter-
mediate times t(™: t(™) = mAt. It is clearly that (V) = ¢. Also, introduce the shorthand
notation

H = (X M)y
Then, to lowest order in At and taking into account (13), a Taylor expansion gives the result

M@E™HDY = M@E™ + AL) = ME™) + AtM (™)
= M(@E™)+ M — At [’H(m),o] = M(t™) (Z — At [’H(m),o])

M(m)e= A o] \‘/
ﬂ\
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This equation can be solved sequentially to give the result

M(t(N)) _ M(t(o))efAt[H(o),o]e—At[H(l),o] e AHN T o]

Taking into account that M(t®) = 7 and M(t\N)) = M, the lowest order in At gives the
formal solution

1
M= T e atr®el (15)
k=0

At this point one can make two important remarks.
First, suppose that for any two times ¢’ and ¢ the Hamiltonian H has the commuting property

(X, 9], (XD, 270 = 0,

or, equivalently, remembering that the commutator of two Lie operators is again a Lie operator,
and this operator can be calculated in terms of Poisson brackets, the property

[H(XU),t'),H(X(i),t")] ~0.

By the way, this relation will certainly be satisfied if H is a time—independent function. Then
the various exponentials in the expression for operator M all commute, and therefore can be
combined into one grand exponential to give, to lowest order in At, the result

M = e~ A Y o]
Upon taking the limits N — oo, At — 0 one obtains the desired exact result
M(t) = e~ LIy X yiete]

For the time-independent Hamiltonian this formulae gives the previous result (14).

The second remark concerns the general noncommuting case. In this case too, by mean of
the Baker—Campbell-Hausdorff theorem for manipulating noncommuting exponentials, it is in
principle possible to combine the various exponentials in (15). If this were done, the result
would in general involve the various Lie operators [H(™), o] and all their various (multiple)
commutators. That is, according to the Baker—Campbell-Hausdorff theorem, products of Lie
operators would occur only in the form of commutators. It is possible to show that in the general
case this will involve (and only involve) exponentials of operators that are linear combinations
of the operators [H(X (¥, t), o] at various times ¢’ and their multiple commutators.

2
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Lie operator approach: problems of the practical
realization

Let us go to problems of practical realization of the Lie operator approach. The
final result of the calculations of series (10) will be present now in the matrix
form without details of these calculations:

X,’E;f) — Mle[(Z) + Mkl\Ylmf;nnp‘Yy)‘Y;gi) ) (16)

where matrix M describes the contribution of the polynomial hy (linear optics),

the three-dimensional matrix F corresponds to the polynomial hj (second-order
effects or aberrations due to sextupoles), and J is a special symplectic “unit”
matrix (as defined earlier). Let us refer to matrix F as the third-order Lie
operator for simplicity. In the thick lens approach this operator is calculated
with the following expression:

e
f‘ijk = /0 hlmn M[L(S) ./\/lmj(8>./\/lnk(8) ds s (17)

where all indices correspond to space variables for a single particle motion, i.e.,
correspond to the set (x, pg, ¥, Py, 7, Do )-

The following problems were solved on the way to realizing of the Lie operator
approach in practice:

e The Hamiltonian expan?ig)n with required accuracy over components of the
3

vector X (coefficients 'Y}, .. .in expression (9)) was found.
e The mathematical tool of the special P—, D— and other functions was
developed.

e This tool makes it possible to find the analytical expressions of orbital Lie
operators for all types of accelerator and beamline elements in the approach
of thick lenses.

e Effective rules of composition of Lie transformations for sequential collider
elements were obtained. These rules make it possible to calculate the total
one turn map.

e The rule for presenting the exponential of the third-order Lie transforma-
tion in the special form was found. This rule helps to keep the symplecticity
of the transformation and to avoid the round-off errors during computer
calculations.

=
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Hamiltonian of the general magnetic element

In modern elements of beamlines and colliders it is necessary to take into
account simultaneously the curvature K and torsion k of the particle
orbit. As a rule, the characteristics of the reference orbit inside these elements
are constant. In this case the reference orbit consists of portions of screw lines.
It is useful to show the expressions for all the components of the vector potential
A of the magnetic field B for the general case of the particle trajectory:

1 ai—l—chT i k+1
A, = —— T x_' Y .
2 4=, 0r'0yk Iy y=0 3! (K +1)!
1 ai+kBT i+1 k
Ay, = - : v v
i— 1 ) i—1 )
WA — 8 h?) 5_8 (Bx) v
i=1 oz’ z,y=0 i! ayz_l z,y=0 7!
1 az 1+k(hBy) az’+k71(th) 7t yk
2 = O =10y* o y=0 Oxroyk—1 | y=o0| il k!
K ai+kleT .'L'i yk+1 ai71+kBT xi+1 yk
T2 l - 0O |y @ DT 2, 00 o G+ 1) F]

One can see that the derivatives of all the components of the magnetic field
used here have different orders. These derivatives determine the standard main
parameters of the beamline elements:

(&

By = —B; — guide field;
Ey
e 0B, e 0B,
g= Eo e o = E) Y leyo — quadrupole;
qg= 220 (8813; — a;;’) o — skew quadrupole;
e 0°B e 0°B
M = EO 8x2

, m — sextupoles, etc.
z,y=0 v EO 83539 z,y=0 ,v

2




Introduction to Lie Operators for Accelerator Physics 36

ADVANCED
PHOTOMN
SOURCE

Other derivatives of the field components can be expressed in terms of these
parameters only, for example:

Eioaaljf RS % (B), + KBy,)

Eioaa_lzy - g~ 5 (B, + KBy) |
Eioaalfcf = KBt Bl =By,
Eioaazr " = B, + kB, , etc .

Here two important representations of Hamiltonian will be shown. The first of
them describes the second order of components of the vector X general magnetic
element taking into account the torsion of the particle orbit:
2, .2
+
H = hi+hy=—AByr — AByy + CK2o + 2 TPy (18)

7,2 ZL‘2 7,2 y2 r
T — N 1 — __(N/E — —\TPy — D _Kcrxa
+ (g,+4>2+<gJ+4>2 Gy 2(p, YD) p

where the Hamiltonian parameters are as follows:

ngg"i_KBOy_h?_HBOTa gy:_(g+/’i2+’€807) )
1
T:BOT+2H7 q:q—i_iKBOw:
AB:D:BOZL‘; ABy:K—Bgy .

The term CK?c takes into account the synchrotron radiation of the particle
and C' = 2/3r,7;. This Hamiltonian describes the linear coupled motion of the
particle in the general case.

For the next Hamiltonian the terms of the third order in X are taken into account
for the flat orbit inside magnetic element (i.e. K = 0):

H = hi+hy+hs, where

1 . . 1 ‘ 1 1 ‘
hs = 6(2[&’9 +mg)r® + §(my — K+ q)r*y — ng(:l:2 +yH)ps + 5[(:{:]);
1 1 1 1 1
- §(mx + Kg+ §BZ)xy2 - §B;:Eypy + §K:1:p§ + §BTa:pxpg (19)
1 1 1 1
= 0L+ p))po + {Bypey’ — 5Brpaype — sy’

=
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Coupled particle motion

It is possible to write the solution for motion equations in the matrix form for
Hamiltonian (18).

For a bending magnet without combined functions, the parameters are
By, K,g9 # 0, and k = By, = By, = ¢ =0, so that r = ¢ = 0 and g, = g+ K By,,

gy = —g- So, the matrix for the orbital motion has the following form:
Po(9a) P1(9a) 0 0 0 KPags)
M — 0 0 Polg)  Pilg) O 0
0 0 —gPi(g) Polg) 0 0
—Kpl (gm) —K’PQ(gw) 0 0 1 —K2P3(g$)
0 0 0 0 0 1

One can see that new special functions P; are used to write this matrix. To
explain the reason for introducing of these special functions, let us compare the
matrices for the quadrupole lens in standard and new forms (L is a length of
lens):

cosh\/|g|L ,/ﬁsinh\/m 0 0 00
\/%sinh\/|g|L cosh \/|g|L 0 0 0 0
M = 0 0 cos+/|g|L 1/|§|sin lgIL 0 0
— %sin lg|L cos+/|g|L 0 0
0 0 0 0 1 0
0 0 0 0 0 1
Polg, L) Pi(g, L) 0 0 00
—gPi(g,L) Polg,L) 0 0 00
0 0 —gPi(g9,L) Polg,L) 0 O
0 0 0 0 1 0
0 0 0 0 0 1

One can see that the function Py is close to cos and cosh; analogously P is close
to sin and sinh. It is really so!
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P— and D—functions

All functions P; are determined as the following simple series:

PQ L) = L é 7((523)]1 |

This series transforms to cos or cosh for i = 0 when Q? = ¢ is larger or smaller

) . ) ) sin x sinhx |
than zero, correspondingly; similarly this series transforms to or i
x x

t = 1. At once one can see the advantages of the new form:

e the matrix elements can be calculated without the additional
analysis of the sign of the gradient value for both directions;

e the values close to zero are absent in the denominators;
e it is necessary to calculate only two functions.

The matrix for a bending magnet includes the functions P, and Ps;. But again it
is necessary to calculate only two series, because P—functions with different
indices are related through the following simple algebraic relation:

PZ(Q) L) - % + Q2P2+2(Q7 L)

This expression is very useful for saving computing time, because it allows one to

calculate all P;—functions if series P; with the highest odd and even numbers are
found. It should be also noted that these series converge very quickly due
to usually small values of the argument ()L in the calculations for real elements.
Let us show the relations between those introduced and the usual hyperbolic
functions:

PO(Qas) = COShQS,

P - TR (T).
1 —cosh @ 1 —cosh @
. sinh (s 1 sinh (s
P3(Q,s) = 7622@ =s° 7(623?28 and etc.

=
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The matrix for a spiral magnet includes the functions D;. The definition of
these functions is as follows:

. _ioo#j 272\J=k 2 72\k

These functions have many useful properties. One of them is the same as for
P—functions: it is enough to calculate the corresponding series with the
highest odd and even numbers only and after that to use the following
recurrent expressions:

Di(Q1,Q2,L) = Pi(Qa, L) + QiD;i12(Q1,Qs, L)
= Pi(Q1, L) + Q3D 2(Q1,Q2, L) .

The connection of these functions with hyperbolic functions is as follows:

Q? cosh Qs — Q3 cosh Qys

DO(QI)QZas) - Q% —Q% ,
Dl (Qla QZ; 5) = Ql Sinh QCI?; : gg Sinh QZS )
~ —cosh Q5+ cosh Q25
D2(Q1)Q275) - Q% _Q% )
sinh Qs sinh Qs
@ i Q2
D3(Q1,Q2,5) = -0 and etc.

At last present the relations between P— and D—functions only:

Q%’Pi(Qla 3) - Q%R‘(Qm 3)
QF — Q3 ’
Pi(QlaS) - Pi(QZaS)

Di+2(Q17 Q?a 8) = Q% - Q% )

Di(Qla Q, 3)

and, in particular,

Dy(Q,Q,s) = PU(Q,S)+%Q25P1(Q,5) and v
DO Q5) = %[S’Pi_l(Q,s)+(2—z’)’PZ~(Q,s)] fori>1.
ﬂ\
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Let us also show a few important properties of both families of functions that
allow us to manipulate them. The first two are simple and describe the rules of
differentiation and integration:

7(17316(1%, L) = Pi*l(Qa L) ) dDZ(Q;LQ27 L) - Difl(Qla QZ: L) )
k
/OL :LJ,P Qa ]' zj: j_kPiJrkJrl (Qa L) )

k

/L D (Q1, Qy, v)dx = j!kz_: (]__ L)

FDik1(Q1, Qo L)

0

In practice the integral (17) is used to find the analytical expressions for Lie
operators. Therefore, it is necessary to express the products of P— and
D—functions with different arguments and indices using again these
functions. For the case with indices 0 and 1 it is very simple, and the desired
expressions correspond to the rule for sums of hyperbolic functions of different
arguments. For example,

Po(Q1, L) - Po(Qa, L) = cosh@L-cosh@QyL =---
= %[PO(Q1+Q2,L)+P0(Q1—QZ,L)] |

But for arbitrary indices the expressions are complicated. For example, for a
product of the P—functions with even indices one can find:

PZi(Ql; ) P2](Q27 ) (Q1+Q2, )+,P0(Q1_Q2,L)

2Q2z‘Q2j
1 ]*1 2 i—1 Ql
— Q%QZ] [Po Q1, L mz::O + Po(Q2, L mz—:o

M

(QiL)* ) S L)? ]
+ .
(mz::O (2m m=0
So, the tool of P— and D—functions makes it possible to find the
analytlcal expressions of orbital Lie operators for all collider ele-

' N
=\
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Lie operators for some simple elements

As a rule, the analytical expressions for the Lie operators have a complicated
form. For this reason only the expressions for the quadrupole lens and bending
magnet will be shown. Here indices 1,2,3,4,5,6 correspond to phase variables

Ty Pz yapya 0, Po-

Quadrupole lens. Only six Lie operators differ from zero:

Q> 1
Fiie = 7[P1(2Qm) — L], Fip= 1[1 —Po(2Q2)]
1 Q
Foos = _5[731(262:0) + L], Fiz= 7[P1(2Qz) — 1],
Faue = i[l - Po(2Q.)] , Faae = _%[’PI(2Qz) + L],

where Q2 = —Q? = g.

Bending magnet. In this case K = ;=B,. Nonzero Lie operators equal

Fun = 30— PuBK) + Pu(K)] Fua = 1K [Po(3K) — Po(K))]
Fus = SK2[PUBK) = PU(K)], Fun = {K[3PL(3K) + PA(K)]
Fos = {[Po(K)~PBK)] . Fuy = KPI(E),
Fuo = SK[PUK) ~PU3K)] . Fm = {K[BPA(3K) + Po(K)]
Fare = —i [BPLBK) +Pu(K)] . Fou = KPy(K)

1
Foso = K [Po(K) = 9P,(3K)] . Fuas = ~Pi(K) ,

Foo = Z[PI(SK) - Pi(K)] .
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Rules of Lie transformation composition

The tool of the Lie operators should be used in accelerator and collider
problems because the multiturn effects are very important in this case.
Thus it is necessary to merge the Lie operators of selected elements into one
common operator. The possibility of this merging increases even more if one takes
into account that the one-turn Lie operator saves computing time very effectively.
Indeed, if the one-turn operator £; is known, then the operator £, = (£;)?
allows us to find the transformation in two turns; operator £4 = (£2)? gives the
transformation in four turns; operator Ly = (L£4)? gives the transformation in
eight turns, etc. Thus, after n multiplications of the one-turn operator
one will have the transformation for 2" turns.

Let us obtain the rule for merging the third-order Lie operators of two sequen-
tial elements. Transformations through the first and second elements have the
following form:

X0 = MNP+ MG Ty Fin XX
X = MPXY + MPTu i XV X

Then one can find that

X0 = M (M + MY T 3O X)

] m
2 2 1
M T Fi (M XD ) (M )

The second terms in each parenthesis can be omitted because their contributions
will have the third order over the components of phase variables vector. If one
takes into account the symplecticity of the transformation M, i.e., validity of
the expression

MIM =7 or MS)ZICM(I)M = Ju

where " means the transposition, then

X = (MOMD) XD+ (MEMP) ZF X0 X

i i m

+ (M(Q)Mﬁ)) jkz]'—l(yi)nXé?)Xy(zO)

ij

M M T
where MY = M@ MM and the desired expression for FY is: v

21 1 2 1 1 1
R = B+ FM MM

)
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Symplecticity

Let us return to the problem of symplecticity of Lie transformations and
briefly discuss this problem again. Recall that the exponential Lie operators
are always symplectic — this is their fundamental property. But usually
the expansions of these operators to series are used. How it is necessary to
truncate these series? The question arises since the truncation of the series
violates the symplecticity of the total transformation as a rule. Fortunately, for
the third-order Lie operators it is possible to keep their symplecticity
with desired accuracy during computer calculations. One can easily
prove that

00 n 0o 7F(n)
[hg, 0]y _ s= [h3,0]" , & Z
e Z; = nZ::O py Z; = nZ::O et (20)

where the “vector” Z™ for the step number n is related to its values for the
previous steps by the following expression:

n—1

n 3 m n—m—1

Z" =3 O bz Zm Y (21)
m=0

Here hg’,)c are the coefficients of polynomial h3, and C}* are the binomial coeffi-
cients.

During calculations, these expressions allow us to use such a number of terms
in a series that the contributions of all omitted terms will be smaller than the
computer accuracy.

The following figure demonstrates the results of the standard tracking using the

code TRANSPORT and tracking based on the expressions (20) and (21):

Code SpinlLie: Code TRANSPORT:
a) - - b)
0.02 | ] 0.02 |
001 ] 0.01 |
E O | ’ {: | E O |
< o ] X I
001 | s -0.01 |
0.02 | ] 0.02 |
40 20 0 20 40 40 20 0 20 |40
X [em] X [em]

Both trackings are performed for a simple magnetic structure.

2
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Conclusion

The Lie operators approach is a powerful method to solve complicated problems
in different fields of physics. The author and his colleagues applied and im-
proved this approach for calculations of spin motion in beamlines, accelerators,
and colliders. The code SpinLie allows us to calculate the level of equilibrium
polarization for electron and proton colliders and allows one to investigate the
spin resonances during acceleration, colliding, and so on.

The author hopes that these lectures will be not useless to readers and thanks
them for their attention.
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